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Abstract. We introduce the concept of a double automorphism 
of an yl-graded Lie algebra L. Roughly, this is an automorphism 
of L which also induces an automorphism of the group A. It is 
clear that the set of all double automorphisms of L forms a sub- 
group in Aut L. In the present paper we prove several nilpotency 
criteria for a graded Lie algebra admitting a finite group of double 
automorphisms. One of the obtained results is as follows. 

Let A be a torsion-free abelian group and L an A-graded Lie 
algebra in which [L, Lo, . . . , Lo] — 0. Assume that L admits a 

fc 

finite group of double automorphisms H such that Cyi(^) = for 
all nontrivial h E H and Cl{H) is nilpotent of class c. Then L is 
nilpotent and the class of L is bounded in terms of \H\, k and c 
only. 

We also give an application of our results to groups admitting 
a Frobenius group of automorphisms. 



1. Introduction 

Let A be an additively written abelian group and L an A-graded Lie 
algebra. Throughout this paper the term "Lie algebra" means Lie alge- 
bra over some commutative ring with unity. Thus we have L = La, 

where La are subspaces of L such that [La, Lb] C La+b for all a, 6 G A. 
Elements of the grading components La are called homogeneous. A 
subspace of L is called homogeneous ii K = ^^{K fl La)- In this 
case we write Ka = K n La- Clearly, any subalgebra or ideal gen- 
erated by homogeneous subspaces is homogeneous. A homogeneous 
subalgebra and the quotient over a homogeneous ideal can be regarded 
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as A-graded Lie algebras with the induced gradings. A subspace K is 
called ad-nilpotent of index (at most) n ii [L, K , . . . , K] = 0. 



Suppose that (f) is an automorphism of L with the property that for 
every a & A there exists h & A such that = L^. In this case we 
can define the map (p : A Ahy the rule a"^ = b. If the defined map 
is an automorphism of A, we say that is a double automorphism of 
the A-graded Lie algebra L. It is clear that a product of two double 
automorphisms of L and an inverse of a double automorphism are again 
double automorphisms. Thus, the set of all double automorphisms of 
L forms a subgroup in Aut L. If if is a group of double automorphisms 
of L, we can consider the fixed points of H in both L and A. Thus, 



The double automorphisms of graded Lie algebras have been implicitly 
considered in [121 [8], |9l, [1] . They arise quite naturally in the study of 
groups acted on by Frobenius groups of automorphisms. To formulate 
some of the results obtained in those papers let us use the symbol \B \ for 
the order of a finite group B (and \(f)\ for the order of an automorphism 
(f)). The following theorem can be easily deduced from the results 
obtained in 

Theorem 1.1. Let A be a finite cyclic group and L an A-graded 
Lie algebra such that Lq = 0. Assume that L admits a double auto- 
morphism (f) such that Ca{<P^) = for all i = 1,2, .. . and Cl{4>) is 
nilpotent of class c. Then L is nilpotent and the class of L is bounded 
in terms of and c only. 

We note that under the hypothesis of the above theorem the order of 
must be finite. We also note that by the well-known Kreknin theorem 
[10] L is soluble with | A|-bounded derived length. In the particular case 
where A has prime order Higman's theorem [5] (see also Kreknin and 
Kostrikin [11] ) says that L is even nilpotent of |y4|-bounded nilpotency 
class. Hence, the most interesting part of the statement of Theorem 
II. H is that the class of L is bounded in terms of |0| and c only and thus 
is independent of | A | . There are examples in |9] showing that Theorem 
11.11 fails if A is not cyclic. On the other hand, the following theorem 
can be deduced from the resuslts obtained in [1] . 

Theorem 1.2. Let A be an abelian group and L an A-graded Lie 
algebra such that La is ad-nilpotent of index k for all a & A. Assume 




n 



Cl{H) = {/ e L I /"^ = / for all e H} 



and 



Ca{H) = {ae A\Li = La for all G H}. 
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that L admits a finite group of double automorphisms H such that 
CA{h) = for all nontrivial h E H and Ci{H) is nilpotent of class c. 
Then L is nilpotent and the class of L is bounded in terms of \H\, k 
and c only. 

In the present paper we will show that in the case where A is torsion- 
free the assumption in the above theorem that La is ad-nilpotent for 
all a e A can be replaced by a much weaker hypothesis. 

Theorem 1.3. Let A be a torsion-free abelian group and L an A- 
graded Lie algebra such that Lq is ad-nilpotent of index k. Assume 
that L admits a finite group of double automorphisms H such that 
CA_{h) = for all nontrivial h E H and Cl{H) is nilpotent of class c. 
Then L is nilpotent and the class of L is bounded in terms of \H\, k 
and c only. 

If S is a subgroup of A, we denote by the sum 0^^^ La which 
of course is a subalgebra of L. Using parts of the proof of Theorem 11.31 
we will deduce the following theorem. 

Theorem 1.4. There exists a constant P = P{c,q) depending only 
on c and q with the following property: Let A be an elementary group 
of order p"^ where p > P and let L be an A-graded Lie algebra such that 
Lb is nilpotent of class at most c for every proper subgroup B < A. 
Assume that L admits a group of double automorphisms H such that 
CA{h) = for all nontrivial h E H and Cl{H) is nilpotent of class at 
most c. Then L is nilpotent and the class of L is bounded in terms of 
c and \H\ only. 

Theorem 11.41 has an immediate applications to groups admitting 
Frobenius groups of automorphisms. Recall that a Frobenius group 
FH with kernel F and complement H can be characterized as a finite 
group that is a semidirect product of a normal subgroup F hj H such 
that Cp{h) = 1 for every h E H \ {1}. By Thompson's theorem [15] 
the kernel F is nilpotent, and by Higman's theorem ^ the nilpotency 
class of F is bounded in terms of the least prime divisor of (explicit 
upper bounds for the nilpotency class are due to Kreknin and Kostrikin 
[lOL 111] ). The following result was obtained in [1]. 

Let FH be a Frobenius group with abelian kernel F of rank at least 
three and with complement H of order q. Suppose that FH acts co- 
primely on a finite group G in such a manner that Cg{H) and Ccia) 
are nilpotent of class at most a for all a G F\ {1}. Then G is nilpotent 
of (c, q) -bounded class. 
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The assumption that the rank of F is at least three in the above 
result is essential. In [U] one can find examples of finite p-groups G 
of unbounded derived length that admit an action of the Frobenius 
group FH of order 12 such that Cg{H) and Cg{cl) are abelian for all 
nontrivial a & F. Yet, from our Theorem 11.41 we can easily derive the 
following result. 



Theorem 1.5. Let P be as in Theorem I.4 and p a prime bigger 
than P. Let FH be a Frobenius group whose kernel F is non-cyclic 
of order p^ and complement H is of order q. Suppose that FH acts 
coprimely on a finite group G in such a manner that Gg{H) and Cg{o) 
are nilpotent of class at most c for all a G F\ {1}. Then G is nilpotent 
of (c, q) -bounded class. 

As we have mentioned earlier the above theorem fails unless a re- 
striction on the prime p is made. On the other hand, in the proof of 
Theorem 11.51 we establish that if a finite group G admits a coprime 
action by a Frobenius group FH where F is non-cyclic abelian and 
Cg{H) and 6*0(0) are nilpotent for all a G F \ {1}, then G is nilpotent 
(see Proposition 13.61) . This holds without any restrictions on prime 
divisors of F . 

Throughout the paper we use the expression "(m, n)-bounded" for 
"bounded above in terms of m, n only" . 



2. Theorems D and D 

In this section we will describe the proofs of Theorem 11.21 and The- 
orem 11.31 In the case where A is finite Theorem 11.21 was essentially 
proved in [1]. However it is easy to see that the proof given in [Ij can 
be adapted to the case of infinite A with only minor changes. 

Let A be the additively written abelian group and assume that the 
finite group H acts on A by automorphisms. We also assume that 
\H\ = q and GA_{h) = for every h G if\{l}. We will work with finite 
sequences of non-zero elements of A. Let ai, . . . , be not necessarily 
distinct non-zero elements in A. We say that the sequence (ai, . . . , a^) is 
H- dependent if and only if there exist distinct ii, . . . ,im G {1, 2, . . . , s} 
and not necessarily distinct hi, . . . , km E H \ {1} such that 

«n + + = < + --- + at:- 

If the sequence (ai, . . . , a^) is not i^-dependent, we will call it H- 
independent. We denote by Fs the set of all if-independent sequences 
of length s and Zg the set of all if-dependent ones. 
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Proof of Theorem 11.21 By [H Theorem 3.9] the nilpotency of 
L will be established once it is shown that 

(1) La2, . . . , La,+^] = whenever (ai, as, ... , Oc+i) G F^+i 

and 




= for all a,b e A. 



k 



In [9] the condition ([T]) was called "selective nilpotency of L" . Since 
the condition ([2]) is immediate from the hypothesis, it is sufficient to 
show that L satisfies the selective nilpotency condition. 

Let hi, ... , hq_i be the nontrivial elements of H. We will use the 
fact that for any u & L the sum 

u + u^^ ^ h u^"-^ 

belongs to the nilpotent subalgebra Cl{H). Choose arbitrarily a se- 
quence of non-zero elements ai, 02, . . . , a^+i G A and elements 

Consider the elements 

(3) ; 

^c+l = Xa^^-x + -|- • ■ ■ -|- Xal+i . 

Since all of them lie in Cl{H) and since Cl{H) is nilpotent of class 
c, it follows that 

[Xi, . . . , Xc+i] = 0. 

After expanding the brackets, the left-hand side of the above equal- 
ity involves the term [xq^ , . . . , x^^^ J . Suppose that the commutator 
[xaj, . . . , a^ac+i] is non-zero. Then there must be other non-zero terms in 
the expanded expression that belong to the same component La^^.-.+ar+i 
So there exist ii, . . . ,im G {1, 2, . . . , c -|- 1} and hi, . . . ,hm G if \ {1} 
such that 

a,, + --- + a^^=al' + --- + a1-. 

Thus, we have shown that [x^^ , . . . , Xa^^ J = whenever the se- 
quence (oi, . . . , Oc+i) is ii-independent. This completes the proof. □ 

We will now embark on the proof of Theorem II. 3[ For a sequence 
(ai, . . . , a^) G Fs we denote by M(ai, . . . , a^) the set of all w G A such 
that (oi, . . . , as, v) G Zs+i. The next lemma was proved in p[] under the 
additional hypothesis that A is finite. Here we make no assumptions 
on the order of A. 
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Lemma 2.1. //( ) G Fg, then \M{ai, . . . , as)\ < q^^^. 

Proof. Suppose that (ai, . . . , a^, f ) G Zs+i- We have 

ai + 02 H h + = fli' + 4' H h a^^ + 

for suitable hi G if, where not all of the hi are equal 1. In fact, ho ^ 1, 
for otherwise the sequence (oi, a2, ■ ■ ■ , as) would not be if- independent. 
We see that 

Since CA(/io) = 0, it follows that the map that takes x to x^^~^°^ is 
injective on A. Hence, we write 

V = (a^ + 4^ + ■ ■ ■ + - ai aj^^-^o)"'. 

There are at most q^^-^ possible choices for the automorphisms hi in 
the above equality. Therefore, there are at most q'^'^^ possibilities for 
V, as required. □ 

From now on in this section A will be assumed to be a torsion-free 
abelian group. 

Lemma 2.2. Let n be a positive integer and hi, ... , hn not necessar- 
ily distinct elements of H\{i}. If na = a^^ + ■ ■ ■ + a^" for an element 
a & A, then a = 0. 

Proof. Without loss of generality we can assume that A = (a^). 
Thus, A is a finitely generated torsion-free group. It follows that A is 
isomorphic with a direct sum of finitely many copies of Z and the group 
of automorphisms of A is isomorphic with GLmC^) for some m. Hence, 
A naturally embeds into C ® ■ — ® C and we also have an induced 

m 

embedding of H into GLmiC). Since any complex representation of a 
finite group is equivalent to a unitary one [21 Exercise 10.6], without 
loss of generality we can assume that the induced embedding of H into 
GLm{C) is actually an embedding into Um{C). But then the triangle 
inequality shows that 

na = a^^ -\ h a''" 

is possible only in the case where a = 0. □ 
The following corollary is now immediate. 

Corollary 2.3. If ^ b e A, then the sequence {b,b,...,b) is 
H -independent. 
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Proof of Theorem 11.31 By [H Theorem 3.9] it is sufficient to 
show that L satisfies the cth selective nilpotency condition, that is, 



[Lax 5 L 



a2i ■ ■ ■ 1 -^ac+ii 



whenever (ai, a2 



, . . . , Uc+l 



and that there is a (c, k, g)-bounded number m such that 
[La, Lh, . . . , Lb] = for all a,b E A. 




The selective nilpotency of L can be established precisely as in the 
proof of Theorem 1 1.2[ Hence, it is sufficient to show that L verifies the 
other condition. Choose a,b E A. If 6 = 0, by the hypothesis we have 
[La, Lb, . , Lfo ] = 0. Therefore we assume that 6 7^ 0. Put 

k 

D{b) = {aeA\[La,Lb,...,Lb]^0} and M = M{b, . . . ,b). 



We have D{b) C M U {0} and so by Lemma O \D{b)\ < q^+^ + 1. 
Put ai = a + ib, where i = 0, 1, ... . Since A is torsion- free, 7^ aj 
whenever i ^ j. Let d be the least index for which ad ^ D{b). It is 
clear that d < q'^^^ + 2. By the choice of d we have 



[Lad, Lb, 



0. 



Taking into account that 



[La, Lb, . . . , Lb] < L 

d 



write 



[La, Lb, ■ ■ ■ , Lb] < [Laj,Lb, ■ ■ ■ , Lb\ 
d+c 



0. 



Since d < g^"*"^ + 2, the theorem follows. 



3. Proofs of Theorems 11.41 and 11.51 



□ 



Throughout this section A will denote a non-cyclic p-group of order 
for some prime p. As in the previous sections H denotes the finite 

group of order q that acts on A in such a manner that CA{h) = for 

every h G 

Lemma 3.1. Let n be a positive integer and hi, . . . ,hn not neces- 
sarily distinct elements of H\{1}. Suppose that there exists a non-zero 
element a E A such that na = a^^ + ■ ■ ■ + a^". Then p < po, where 
Po = Poifi, q) is a constant depending only on n and q. 
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Proof. Assume that the lemma is false and there exist infinitely 
many primes pi,p2, . . . such that for each i the elementary abelian pi- 
group Ai of rank two admits an action by H with the properties that 
CAi{h) = for all /i G \ {1} and there exists ^ & A^ for which 
nai = a'l' + --- + af". 

We view each group Ai as a linear space over the field with pi 
elements. Thus, we obtain a family of linear representations of H. An 
ultraproduct with respect to some non-principal ultrafilter on N of this 
family of representations is a representation p : H ^ GL{y), where V 
is a 2-dimensional vector space over a field of characteristic zero (see for 
example [4l Appendix, Theorem B.6]). Furthermore it easy to check 
that Cv{h) = for all h ^ H\{1} and V contains a non-zero vector v 
such that nv = v^^ + ■ ■ ■ + f ^" . 

This contradicts Lemma [2. 2[ The proof is complete. □ 

Formally, the constant Pq in the above lemma also depends on the 
choise of hi, ... , h^. However it is clear that the number of all possible 
choices of n nontrivial elements in H is bounded in terms of n and q 
only. Therefore there exists an "absolute" constant which is indepen- 
dent of the choice of hi, hn- In the sequel po will always mean that 
"absolute" constant. The next corollary is immediate and so we omit 
the proof. 

Corollary 3.2. Ifp > po{c,q) and ^ b e A, then the sequence 
{b,b, . . . , b) is H -independent. 



Proof of Theorem 11.41 Set P = po{c, q) + q''^^ + 1 and assume 
that p > P. By pLi Theorem 3.9] it is sufficient to show that L satisfies 
the cth selective nilpotency condition, that is, 

[Lai, • • • ) ^a,+i] = whenever (ai, 03, . . . , 0^+1) G F^+i 

and that there is a (c, g)-bounded number m such that 



The selective nilpotency of L can be established precisely as in the 
proof of Theorem 1 1.2[ Hence, it is sufficient to show that L verifies the 
other condition. We will show first that 



c 




LJ = for all a,b G A. 



m 




for all ae A. 



c 
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Indeed, since A is noncyclic, we can choose a proper subgroup B < A 
such that 0,a E B. By the hypothesis is nilpotent of class at most 
c. Hence, [La, Lp, . , Lg J = 0. 

c 

Now choose 7^ 6 G A. By Corollary 13.21 the sequence (6, 6, ... , b) 

c 

is if- independent. Put 

D{b) = {aeA\ [Lg, Lh, . , Lbj ^ 0} and M = M(6^_^^). 

c c 

We have C M U {0} and so by Lemma O | < q'''^^ + 1- As 
in the proof of Theorem 11.31 put = a + ib, where i = 0, 1, . . . , P — 1. 
Since p > P, it follows that 7^ Oj whenever i ^ j. Let c? be the least 
index for which ^ It is clear that d < q^^^ + 2. By the choice 

of d we have 

[Laa: Lb, . . . , LJ = 0. 



c 



Taking into account that 

[La, Lh, . . . , Lf)j < ivQ,^ 
d 

write 

[-^g, i^fe, • ■ ■ , Lbj < [La^, Lb, . .J , Lbj = 0. 
d+c c 

The theorem follows. □ 

We will now require some facts on coprime actions of finite groups 
(see for example [31 6.2.2, 6.2.4]). 

Lemma 3.3. Let A be a group of automorphisms of the finite group 
G with {\A\,\G\) = 1. 

(1) IfN is an A-invariant normal subgroup ofG we have Cg/n{^) = 
Gg{A)N/N; 

(2) // H is an A-invariant p-subgroup of G, then H is contained 
in an A-invariant Sylow p-subgroup of G; 

(3) If P is an A-invariant Sylow p-subgroup of G, then Gp{A) is 
a Sylow p-subgroup ofGci^A). 

(4) If A is a non- cyclic elementary abelian group we have G = 
(Gcia) \aeA\{l}). 

The next lemma and its corollary can be extracted from arguments 
given in |18j . For the reader's convenience we supply a proof. 
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Lemma 3.4. Let p be a prime and A an elementary group of order 
p^ acting on a finite p' -group G in such a way that 6*^(0) is nilpotent 
for every nontrivial a & A. Let r he a prime dividing \Cg{A)\ and x 
an r -element in Cg{A). Then the index [G : Gcix)] is an r -power. 

Proof. If G is not an r-group choose a prime s ^ r dividing 
By Lemma 13.31 G possesses an A-invariant Sylow s-subgroup S and 
S = {Gs{a) I a G A \ {1}). We observe that for every 1 7^ a G A both 
X and Gs{a) are contained in the nilpotent subgroup Gg{ci)- Since 
r 7^ s, it follows that x centralizes Gs{a). Taking into account that 
S = {Gs{a) I a G we conclude that x centralizes S. Hence, 

the index [G : Cg{x)] is an r-power, as required. □ 

Corollary 3.5. Let p be a prime and A an elementary group of 
order p^ acting on a finite p' -group G in such a way that Gg{(i) is 
nilpotent for every nontrivial a & A. Then G is soluble. 

Proof. The Burnside-Kazarin theorem [6] tells us that if x is an 
element of G such that the index [G : Gg{x)] is a prime-power, then 
X belongs to the soluble radical of G. In view of the above lemma we 
now conclude that Cg{A) is contained in the soluble radical of G. If 
Cg{A) = 1, then by Martineau's theorem |13] G is soluble. Putting 
these observations together with Lemma 1X51 (1) we conclude that G is 
soluble. □ 

Ward proved that under the hypothesis of Corollary 13.51 G is actu- 
ally metanilpotent |16j and examples show that G need not be nilpo- 
tent. Indeed, let r and s be odd primes and H and K the groups of 
order r and s respectively. Denote hj V = (^1,^2) the four-group and 
by Y the semidirect product of K hj V such that Vi acts on K trivially 
and V2 takes every element of K to its inverse. Let B be the base group 
of the wreath product H I Y and note that [B, vi] is normal in H lY. 
Set G = [B,vi]K. The group G is naturally acted on by V and Cg{v) 
is abelian for every nontrivial v & V. It is clear that G is not nilpotent 
when r ^ s. Our next result shows however that under the hypothesis 
of Theorem IL5I G is nilpotent. Actually the nilpotency of G will be 
proved without any restrictions on the prime p. 

Proposition 3.6. // a finite group G admits a coprime action by 
a Frobenius group FH where F is non-cyclic abelian and Cg{H) and 
CG{a) are nilpotent for all a & F \ {1} , then G is nilpotent. 

Proof. We note first that if the rank of F is greater than two, 
then nilpotency of G follows from [17j . A related result bounding 
the nilpotency class of G was obtained in [14] . Assume that F is of 
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rank two and the theorem is false. Let G be a counter-example of 
minimal order. By Corollary 13.51 G is soluble and so it easily follows 
that G = RS, where i? is a unique minimal normal elementary abelian 
r-subgroup for a prime r and S is an F-invariant Sylow s-subgroup of 
G for some prime s ^ r. Suppose that Gr{F) = Gs{F) = 1. Then 
Cg{F) = 1 and Theorem 2.7(c) in [9] tells us that G is nilpotent, a 
contradiction. Hence, either Cr{F) 7^ 1 or Gs{F) 7^ 1. 

Suppose Gr{F) 7^ 1 and choose 1 7^ x G Cr{F). By Lemma [23] the 
[G : Cg(x)] is an r-power. Since R is abelian, it follows that R < Cg{x) 
and so a; G Z{G). This leads to a contradiction since i? is a minimal 
normal subgroup of G. 

Now suppose Gs{F) 7^ 1 and choose 1 7^ ?/ G Cs{F). By Lemma 
13.41 the [G : Gciu)] is an s-power. It follows that y centralizes R. Thus, 
Gs{R) 7^ 1 and this again leads to a contradiction since is a unique 
minimal normal subgroup of G. □ 

Proof of Theorem 11.51 By Proposition 1X1] G is nilpotent. We 
wish to show that G is nilpotent of (c, g)-bounded class. Consider the 
associated Lie algebra of the group G 

n 

^(G') = 07,:/7m, 

i=l 

where n is the nilpotency class of G and 7^ are the terms of the lower 
central series of G (see [7] for general information on L{G) and how 
it relates with the structure of G). The action of the group FH on G 
induces naturally an action of FH on L{G). We extend the ground 
ring by a primitive p-th root of unity u by setting L = L{G) ®i Z[(X']. 
The action of FH on L{G) extends naturally to L. 

Let A be the character group of F, for which we use the additive 
notation. The group A is non-cyclic of order p^. We define an action 
of the group if on A by the rule a^{f) = CL{f^) and under this action 
we have GA{h) = for each h E H \ {1}. 

For any a G A we set 

La = {x E L \ = a{f)x, for each / G F}. 

Because the action is semisimple we have the "generalized eigenspace 
decomposition" 

satisfying 

[La, Lb] C La+b for all a,b E A. 
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Thus, L becomes an A-graded Lie algebra. The action of the group 
H on L permutes the components La in the following way: ii h & H, 
then La = L^^-i , indeed, for I G La we have 

for any / G F, so /'^ G L^^-^ . 

Because the action of FH on G is coprime, it is easy to see that 
the fixed-point subrings Cl{H) is nilpotent of class at most c. Let B 
be a proper subgroup of A. Since B is cyclic, it follows that F induces 
a cyclic group of automorphisms on Lb- Therefore is contained in 
Ciif) for some nontrivial f & F . Thus, by the hypothesis, is nilpo- 
tent of class at most c. Now Theorem 11.41 tells us that L is nilpotent 
of (c, g)-bounded class. The same is true for L{G) and therefore for G. 
The proof is complete. □ 
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